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ABSTRACT

Neural networks have been shown to have good predictive power in complicated multidi-
mensional problems such as credit fraud and cancer detection, and are frequently used for
that purpose. However, in a standard network, it is very difficult to determine which vari-
ables are important. Additionally, high dimensionality makes it challenging to fit the model
without overfitting the coefficients. Various authors have proposed Bayesian methods for
neural networks. After describing others’ attempts, this paper proposes an alternative.
The new model, based on mixture models, adds a switching variable to each predictor
inside each node. If the switch is on, the coefficient takes a typical Gaussian distribution,
but when off, the coefficient is shrunk to a very small value. The nearly zero coefficients
make the model less prone to overfitting errors, while the switches provide evidence of

importance.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

This paper looks at a new approaches to selecting variables in Bayesian neural networks.
There have been many papers written on neural networks, Bayesian analysis, and variable
selection. This chapter reviews prior work on the topics, roughly in chronological order.

The new model is described in Chapter 2.

1.1 Origination

Though earlier papers had hypothesized ideas about how information flows through the
brain, the 1943 paper of Warren McCulloch and Walter Pitts [31] was the first serious
attempt to form a mathematical model of brain activity. (Interestingly, Pitts was at the
University of Chicago at the time.) As such, it is generally considered the first paper on
neural networks. McCulloch and Pitts noted that the cells of the brain, called neurons,
worked in an "all-or-none” fashion. Because “To each reaction of any neuron there is a
corresponding assertion of a simple proposition,” they attempted to define information
transfers between the cells with formulas from propositional logic. Their modeling work
formed the basis for the field, including this thesis.

Fifteen years later, a paper in Psychological Review by Rosenblatt [40] called the hypo-
thetical nervous system machine a perceptron. Subsequent biological research has shown
that the actual human brain works quite differently than the McCulloch-Pitts model, mean-
ing the “neural” network is actually misnamed. (See, for instance, the textbook on modern
neural science by Kandel, Schwartz, and Jessell [16]). Despite this, the name neural net-
work (sometimes further clarified as an artificial neural network) has been applied to the
computer science and statistics models since at least the 1950s. In the perceptron model,
a decision unit takes inputs from neurons, which can be either active or inactive. Rosen-
blatt called these units A-units; the modern term is node. The node weighs these inputs,

and then outputs an active or inactive response based on a fixed threshold. In terms of
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regression models, there are binary inputs x;, a linear weighting equation 1" = >~ w;x;, and
a threshold t so the output becomes y = I{T" > t}.

Initial interest in the perceptron model was high, but subsided quickly. A major problem
in the pre-computer era was the difficulty of estimating results. In addition, Minsky and
Papert [33] showed in 1969 that perceptrons with one layer of nodes could not completely
discriminate two groups that were not linearly separable. This included the XOR gate
common in mathematical logic. Since much of the interest in these models came from
mathematical logic, including the theory of McCulloch and Pitts, work on neural networks
declined for several years.

In the 1980s, computer scientists regained interest in neural networks. Computing
power improved, and a learning algorithm published by Rumelhart and others [42] made
programming easier. Outputs became more complex than simple step functions, making the
nodes what Rosenblatt called continuous transducers, § = f(3 w;z;). Most importantly,
around 1990, several authors proved that a single layer perceptron model with a continuous
sigmoidal function for f can approximate any result arbitrarily closely; see [7], [9], and [14].

An approximation of uniform closeness is more than sufficient for practical work.

1.2 Representation and Transformation

Many researchers, mostly in computer science, look at the solution and application of neural
networks, and journals are published such as the IEEE Transactions on Neural Networks.
A good introductory summary on neural networks is given by Cheng and Titterington
[6]. Several textbooks exist; mathematical statisticians will find Ripley [39] and Bishop [3]
informative. This paper deals primarily with MLPs with one hidden layer, because one
layer is sufficient for approximation while maintaining computational feasibility.

Figure 1.1 is a conceptual representation of this neural network, known as a single layer
perceptron. In the graphic, there are d = 4 input variables, x1,x9, 23, 4. Subscripts
represent variable numbers; computer science literature often refers to the variables as
features. Each variable feeds into each function in the single hidden layer, generally called
nodes. In this graphic, there are n = 3 nodes, labeled as hi(X), ho(X), h3(X). More

complicated networks can have multiple hidden layers.
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This network has arrows in only one direction. There are no links from one hidden node
to another, or from the hidden node back to the inputs. This type of network, called a
feed-forward network because it has no sideways or backward input, has the advantage
of being directly solvable. A maximum likelihood solution can be found via the slow but
effective gradient descent learning algorithm mentioned in Rumelhart [42]. In a network
with cycles, it is more difficult to reach a single maximal solution. Additionally, setting
prior distributions on parameters that work in the reverse direction would be difficult. The
feed-forward models in this paper have analogues to other problems which can be used to
help set priors. Other directions do not. While more complex models might reach solutions
more quickly, the extra complexity is unneeded for this paper.

In the single layer perceptron, each node is a generalized linear model that uses the
variables z; in an additive combination, then applies a transformation f() to the result.
These computed node values are then combined in a potentially different model g(3= a;2;)

to provide the predicted value . The transformations f() and g() frequently differ. In

no0=1(30 )

Figure 1.1: Multilayer perceptron with one hidden layer and three nodes.

theory, each h; node could use a different transformation, but the transformations would

have to be selected as part of the process, adding more complexity. One possibility, a genetic
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algorithm approach, might work; genetic algorithms and neural networks are occasionally
combined, as in Marwala [30]. However, transformation shifts are extremely rare; there is

usually one f() and one g(). Possibilities include the following:

e f(u) = u, the linear transformation. This is sometimes used as the g() function
from the nodes to the output, particularly for continuous y. It is not used from
variables to nodes. If it was used, the final estimation y would be a single generalized
linear model: § = g¢ (Zgzl(ﬁil + 62-2 + -4 ﬁzn)xl) . It would be easier to use GLM
methods. Furthermore, the contributions of individual 6%7 are indistinguishable and

not estimable.

e f(u) = sign(u), the threshold, which returns either +1 or —1. A functionally similar
approach is a cutoff that returns 1 if u exceeds a certain value, and 0 otherwise.
McCulloch and Pitts used this idea. Because the result of the transformation is not
continuous, threshold models will not guarantee a uniform approximation. For this

reason, threshold transforms are rarely used.

o f(u) = ﬁ, the logistic transform, returning a value between 0 and 1. This

is common, due to the popularity of logistic regression, including the textbook by

Hosmer and Lemeshow [15].

e f(u) = tanh(u) = 2517::2, the hyperbolic tangent transform, returning a value be-
tween —1 and +1. This is another popular choice, because it is continuous, and a u

value of 0 returns f(u) = 0.

When going from nodes to the output, the most common choices are the logistic transform
when the modeled output is dichotomous, to model percentages, and the identity transform
when the modeled output is continuous.

When going from variables to nodes, the two most common options are the logistic and
hyperbolic tangent. Both are sigmoidal continuous functions and satisfy the requirement

for approximation. There is an equation relating one to the other at a given value h,

tanh(h) = 2 logit(2h) — 1



The transforms differ in range and shape. The hyperbolic tangent returns values from —1
to +1, while the logistic transformation returns values from 0 to 1. For the hyperbolic
tangent, a meaningless node, where every 3 coefficient equals zero, will return tanh(0) =
0. This makes it relatively easy to ignore meaningless nodes. On the other hand, under
the logit, a meaningless node will return logit(0) = 0.5. This is not difficult to adjust, as
removing 0.5 converts the logistic range to —0.5 to +0.5. After adjustment, the logistic
transformation has a slightly gentler slope, though the difference is relatively small. At the
steepest point, when the sum of the variables h = 0, the logistic has a slope of 14 degrees,
while the hyperbolic tangent is at 45 degrees [43]. While the difference in slope might
matter in some situations, the primary concern is bookkeeping. Most Bayesian neural
network programmers use the hyperbolic tangent, such as Liang [23], and this paper will

follow that convention.

1.3 Bayesian Networks

In the late 1980s, authors began to look at applying Bayesian analysis techniques to neural
networks, placing prior distributions on the 5 and «. Buntine and Weigend [5] published
an early paper on the subject in 1991, followed by two papers by MacKay [27] and [28].
The Bayesian networks performed very well in a prediction competition sponsored by the
American Society of Heating, Refrigeration, and Air Conditioning Engineers, winning the
competition to provide accurate measurements of electricity, heating, cooling, and sunlight
[29]. Work has continued on Bayesian networks and related models; see a review article by
Titterington [46].

Choosing a prior distribution for the parameters is complicated. There are many param-
eters to estimate. With the ﬁi and «a; over k = 1,...,d variables and j = 1,...,n nodes.
Including an intercept in each node and the output, there are a total of (d x n) 4+ (n + 1)
parameters. In addition, the number of nodes n can be a variable.

Priors should represent what modelers know or believe about the parameter. It is
difficult to discern prior belief about coefficients in a large number of hidden nodes. The
nodes are exchangeable, because they can be renumbered without affecting the solutions;

therefore, distributions did not at first specify different structures in different nodes. For
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instance, MacKay fixed the number of hidden nodes, and gave the coefficients independent
Gaussian prior distributions. Mathematically, the equations to estimate hidden node values
and outputs are shown below. The equations look a little different than those in Figure 1.1,
because they now include a separate constant term, called a bias, that the picture lumped
into the general X and h vectors. Node bias is represented by g, while prediction bias is
represented by «(. Notationally, node numbers are superscripts, and variable numbers are
subscripts.

d
hi(X) = f(Bo+ > Blay)
k=1

J=glag+ Y alhd)
iz

In the Gaussian case, coefficient prior distributions are generally set to have mean zero.
The variance parameter is set via a hyperparameter; most common is that the precision, the
inverse of the variance, is considered to have a Gamma distribution with specified mean and
scale. Although Gamma distributions are not symmetric, and perhaps not of optimal shape,
they are flexible, computable, and proper. There are several variance hyperparameters: one
for hidden node coefficients, one for hidden node biases, one for output biases, and one for

output coefficients. As listed below, these are considered independent.
Bo ~ N(0,95)

70 = 03 % ~ G(wp, o)
B; ~ N(0,0?)
=02~ Gw,()
aj ~ N(0,02)

Ta = 05" ~ G(wa, Ca)
ag ~ N(0,0%,)

Tag = 0(;()2 ~ G(waoa an)



In this initial implementation, all x; and thus [;, share a single variance hyperparameter.

This was quickly improved to help with model fitting.

1.4 Accurate Model Fitting

Neural networks often adapt too heavily to the dataset used for training. At first glance,
this doesn’t seem like a problem, and sometimes it isn’t. When trying to explain the
nuances of a dataset, highly specific explanations are acceptable. The problem arises when
models are generalized and used for future prediction. As the network focuses on smaller
and smaller distinctions in the training set, the emphasis on general patterns decreases.
Test sets, and future prediction sets, tend to have the same general patterns but different
small distinctions. Thus, while performance on the training set improves by identifying the
small distinctions, performance on the test set worsens by disregarding the general patterns.
This phenomenon is known as overfitting. In a neural network, overfitting can occur from
having too many nodes, and thus too much freedom in the parameters. Overfitting can
also be caused by fitting features with no true effect on the response, since each additional
predictor adds n parameters.

To avoid overfitting, one option is to fit networks with all potential predictors, then
selectively remove predictors that appear less powerful. This approximates the variable
selection procedures of linear regression, described in textbooks such as that by Weisberg
[47]. This approach works for regression models because measures of individual predictive
power exist, such as likelihood ratio tests. The comparison is difficult with neural networks,
since over a large number of hidden nodes, it is difficult to quantify the total effect of a
predictor. Additionally, unlike linear regression which takes seconds, computing a neural
network can take minutes or even hours, making high iteration counts practically unfeasible.

Another option would take subject matter knowledge and build an appropriate prior
for the situation. When enough information is known about the predictors to build such
a model, it makes perfect Bayesian sense to do just that. Unfortunately, in most cases
the necessary expertise is not available. While models should attempt to include known

information, an automated procedure is necessary. Several options are available.



1.4.1 Automatic Relevance Determination

MacKay, along with Radford Neal, developed a procedure to deal with such scenarios,
called Automatic Relevance Determination (ARD). ARD changes the priors on the ﬁljf
Instead of one ¢ for all of the k = 1,2, - d input variables, the prior is divided. There is
one overall scaling parameter, v, and then a separate variance parameter for each feature.

Mathematically,
B ~ N(0.v x (03)%)

7 = (o) "2 ~ G(v, )
v~ G(wy, ()

The values for v are set to be very vague, to account for unknown overall variation, while
the Ck are more precise. Theoretically, this doesn’t help, because it makes it impossible
to fully identify and distinguish v and the o;. Doubling every o), and dividing the v by
2 would result in the same predictions. However, MacKay and Neal found the separation
easier computationally. In the electricity prediction competition [29], ARD models were
more accurate than those without the adjustment. Neal included information on ARD in
his Ph.D. paper, which was expanded into a manuscript [34].

Most published works using Bayesian neural networks also use ARD. Applications in-
clude inferring distillation quality in oil refineries from sensor reports [2], detecting adverse
drug reactions [36], and classifying gene expression data [21]. Lampinen and Vehtari [17]
provide a review article, including background information and applications predicting con-

crete quality, approximating a topographic mapping, and tree trunk recognition in forests.

1.4.2 Early Stopping

Another method, early stopping, is frequently used in non-Bayesian neural networks. Co-
efficients in neural networks are often estimated by iterative adjustment, where the values
are updated until they reach a stable plateau. The early stopping approach divides the
training data into two parts, which can be labeled the building and validation sets. The

network is formed using the building set, as if there were no stopping; the structure is



saved every so often, perhaps every ten iterations. At each save point, performance on the
validation set is computed. Theory suggests that when the model begins to become overfit,
focusing on specific distinctions instead of general patterns, validation performance will
begin to deteriorate. The technique halts model development once the validation results
get worse, before the maximum number of iterations. It assumes that the correct depth of
fit has been reached. More complicated algorithms exist to determine the stopping point,
including one described by Prechelt [37].

Neal [35] tested Bayesian methods against early stopping, and found that on the larger
tested sets, ARD and related methods returned more accurate results than the stopping
technique. While are other ideas, such as a method devised by Sum et al [45] for node
pruning in time series environments, these are less appropriate for a Bayesian environment.

Prior information is not involved. There are better options for estimation.

1.4.3 Variable Selection

Another way to prevent overfitting is through variable selection. Not all variables contribute
to predictive power. Removing the useless ones will reduce the problem of overfitting. At
least conceptually, as data indicates that some predictors are useful and others not, the
posterior distribution of any model will change from the prior.

Many authors have approached the problem of variable selection from a Bayesian view,
at least as far back as Dempster in 1973 [8]. One approach, model averaging, has been
discussed by Raftery, Madigan, and Hoeting [38], among others. A neural network is, in
effect, a combination of many small models, so averaging networks is not appropriate. This
review considers two other approaches: neural net space search and controlled size search.

While both show promise, they are not fully Bayesian with room for prior information.

1.4.4 Space Search

Model selection via a space search was proposed by Herbert Lee in his 1998 Ph.D. thesis
[18] and expanded in 2001 [19]. Like Neal, Lee’s paper formed a portion of a book [20]. In
this approach, the model space contains parameters for the number of hidden nodes n, as

well as indicators for all input variables. For example, say there are three input variables,

9



x1,r9,x3, and the number of hidden nodes is determined to fall between 1 and 5. There are
23 — 8 potential sets of predictors: { none; x1; x9; x3; x17T9; T 123; T2x3; x1w2x3. } The same
set of predictors appears in each of the nodes. Since there are 5 possibilities for number
of nodes, the total number of states to search is roughly 5 x 23 = 40. (Technically, it’s
145% (23 —1) because if the model selects no predictors, any number of nodes is equivalent.)
The program needs to select from the possibilities, comparing them using a performance
metric. Lee prefers the Bayesian Information Criterion (BIC) defined by Schwarz [44].
As defined by Schwarz, the BIC equals the logarithm of the model likelihood, minus the
number of parameters fit times 0.5 times the log of the number of observations. The best
model has the highest penalized likelihood. (BIC is often transformed by multiplying by
—2, BIC = —2log(L)+ (params) x log(obs). This puts BIC on the same scale as the Akaike
Information Criterion [1]. After transformation, the lowest AIC/BIC is best.)

Under BIC state search, each additional parameter adds a penalty of half the log(obs)
to the log likelihood. If adding a coefficient improves the model by more than that amount,
estimating the parameter is helpful. However, in neural networks computing the number of
parameters can be tricky, because adding a variable or a node does not add just one coeffi-
cient. Adding a new x; adds coefficients in all hidden nodes, a total of n new parameters.
Inserting a node requires fitting new 3 for each variable plus one for the intercept bias.

For the small example above, with fewer than 40 possibilities, a statistician could cal-
culate BIC for each model and choose the best one. For larger problems, an automated
state space mechanism would be necessary. Lee proposes a Markov Chain search over the
state space called Bayesian Random Searching (BARS). BARS begins with a candidate
model and BIC. On each step, with probability %, the candidate model grows, either by
adding a variable or hidden node. The other half of the time, the candidate model shrinks
by a variable or node. After the shift, BIC is computed for the new model. Then the
Metropolis-Hastings algorithm [32] is applied. If the new candidate has better BIC, it
is accepted; if it has worse BIC, it is accepted with probability exp (BIC.4nq — BICy1q)-
The process repeats for a specified number of iterations, or until the model space has been
adequately explored.

According to Lee’s book, in a comparison test on loan application modeling, BARS and

ARD had similar misclassification rates. Actually, the rate for ARD was slightly less, 29%
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compared to 31%. However, Lee’s model found some predictors to be unnecessary, which
would allow the bank to reduce the length of the application form. As he notes, the choice
of modeling technique can include both predictive power and interpretability. Additionally,
a Bayesian approach can include prior information when available. Both Neal’s and Lee’s
techniques as implemented do not attempt to include data outside the model. Priors and

Bayesian techniques exist to control size and reduce overfitting.

1.4.5 Controlled Size Search

Lee’s approach, while relying on a Bayesian information criterion, is closer to penalized
likelihood than a fully Bayesian model. In particular, there is no explicit prior distribution
on predictors or the number of predictors. Another researcher, Faming Liang, took a
different approach. In a series of four papers published between late 2003 and 2005, [23],
[24], [25], and [26], he explores the idea of placing a prior on the number of nonzero
coefficients. Of the papers, the 2004 paper published in Survey Methodology, the only one
with a coauthor (Anthony Kuk), is the best summary.

For a model with d input variables and n nodes, an intercept should be added to each
node and from the nodes to the output. Each node in this paper’s model has (d+1) possible
B coefficients, and the equation for the output has (n + 1) possible « coefficients. (The
Liang and Kuk article uses v where this paper uses (3, and [ there for « here.) The prior

distributions on the a and (3 are the same as in the base case, independent of each other:

Bj ~ N(0,0%)

aj ~ N(0,02)

For standardized x predictors, Liang and Kuk set the o2 variances to 5, a moderate value.
The search model adds to the ordinary network by introducing an indicator variable for
each 2 and «. If the indicator is one, the parameter works as normal, but if the indicator

is zero, the parameter is zeroed out. Using [ ]jf to represent the indicator for variable k in
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node j, the equations for nodes and the output become the following:

. d ..
hi(X) = f(I}Bo+ > LBxy)
k=1

n
Y= g(]oa() + Z Ijajhj)
j=1

The total number of indicator variables is U = n(d + 1) + (n + 1), but many of them
are zero. The number of nonzero connections is subject to a prior probability based on a
truncated Poisson distribution, with a minimum of 3 and a maximum of U. Let A be the

set of nonzero indicator variables. The prior probability is based on the size of A:

m

P(size of A =m) x in‘
Liang and Kuk choose the truncated Poisson parameter A to be about one tenth the size
of the dataset. Each model of a given size is treated similarly, so each variable has equal
initial probability.

The introduction of indicator variables adds a great deal of flexibility to the model.
Given the ability to fit the posterior distribution, this flexibility can improve predictive
power. Relying on earlier results by Liang and others, such as evolutionary Monte Carlo
[22] and reversible jump computing [13], the authors engage in complicated Monte Carlo
programming to produce results. Tracking a full set of separate indicators and changing
the size of the model space are difficult tasks, even for excellent programmers.

The models described to this point all use some Bayesian techniques in neural networks.
However, none are fully sufficient. Without adjustment, the original Bayesian neural net-
work tends to overfit the model. Early stopping as implemented in non-Bayesian networks
is ad hoc and not very efficient. The ARD model applies a single shrinkage factor to all in-
stances of a variable, which reduces overfitting in a sharp uniform way. Lee’s BARS model
advances by allowing notes to vary in shape, but relies on information criteria and stepwise
selection instead of a fully Bayesian setup. Liang’s size search model is Bayesian, but has
to control many indicator variables and considers predictors interchangeably, neglecting

potential information about the prior. There is still room for improvement.
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CHAPTER 2
THE NEW PROPOSAL

2.1 Description

The idea for the main model of this paper is somewhat similar to Liang’s work, in that it
can be expressed in a form with indicator variables. However, the basic idea, developed in
2003 before Liang’s work was published, comes from Bayesian space search for regression.
It represents the prior distribution for each coefficient as a mixture of normally distributed

random variables.

2.1.1 Mixture Model Regression

In 1993, George and McCulloch [11] published a paper presenting a method called Stochas-
tic Search Variable Selection (SSVS). The authors expanded upon the idea in 1997 [12],
which was extended to multivariate responses by Brown, Vannucci, and Fearn [4]. The
approach described here focuses on part of the 1997 paper, the hierarchical mixture model
for linear regression.

The normal linear regression model with response variable Y and potential predictors
Xq,---, Xy fits B coefficients and an error measure o through a model with priors assigned
to 3 and o.

Y|8,0 ~ N(XB,0%I)

Some of the predictors do not have a large effect on the response, and thus have small 3; in
the true model. Fitting small coefficients is inefficient and increases the risk of overfitting.
Removing these variables from the model would help. Unfortunately, the subset of small
coefficients is unknown.

To attempt to determine this subset, define a new vector R = (rq, - - - ,rd)’ . The r; are
indicator variables, equaling 0 if X; has little effect and a small 3;, and 1 if the predictor

has a large effect. The prior distribution now must include R. George and McCulloch
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suggest a Bernoulli prior for each variable, where P(r; = 1) = w; and P(r; =0) = 1 — w;.
The inclusion prior for each variable is independent of that of other variables. Additionally,
the probability can differ for each predictor, representing knowledge about that variable,
though examples given generally set all w; to the same value.

The prior distribution for 3,0, and R can be conjugate, in the same family as the
posterior, or non-conjugate. The non-conjugate approach is more interesting for this thesis,
where each component of 3 looks like a mixture of two normal distributions, one with very

low variance, and one with greater dispersion.
m(Bilri) = (1 = ri) N(0, vop,) + riN (0, v1r,)

The two v are variance hyperparameters. 1 values should be small, because they occur
when 7; = 0 and the variable is considered to have little effect. On the other hand, 14
values should be set based on the size and form of variables in the model. For example,
Figure 2.1 shows the difference between the densities of two normal distributions when

vg = 1,11 = 100, corresponding to standard deviations of 1 and 10 respectively.

Normal Densities, SD 1 dashed, SD 10 solid

0.4
1

h
'l

0.3
Il

0.2

0.1

Figure 2.1: Comparing small and large normal densities.

When a 1y = 0, this zeroes out the [ contribution as in Liang’s model. George and
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Mecculloch briefly explored this approach. They mentioned that ordinary MCMC is not
possible with zeroes, and complicated computing like that of Green [13] is necessary. The

work in this paper utilizes non-zero values, for which computing is more direct.

2.1.2  New Concept

This paper takes the idea for prior distribution shape for a given (3; from George and Mc-
Culloch, and applies it to neural networks. Writing things out formally, the model attempts
to predict Y by creating Y. For a continuous observation Y, Y is a linear combination of
the node values z;, as in linear regression. In the formulation from Chapter 1, the transfor-
mation g() from nodes to output is the identity transform. Given n nodes and an intercept

term as the (n + 1)st term,

~

Y = ajhy + agho + -+ + anhp + ap1(1)

Each node value is the result of a model with a logistic transform f() on the d variables.
Each node also has an intercept, represented by a 7. For an observation, the value from
node j is a logistic transformation of a generalized additive model:

eTj—l—ﬁ{a:l—i-m-&-ﬁzlxd

] .
1 4 e B et By

To fully specify the model, prior distributions are necessary. For the step from nodes n
to the output Y, the parameters are specified as in linear regression.

Y~Xa+e Var(e) = 05

Prior distributions are required for the o and 05. Following the specification for linear
regression in textbooks such as Rossi, Allenby, and McCulloch [41], the prior distribution
for 05, the variance of the linear regression from the nodes to the output is a conjugate
prior - the inverse scaled chi-square distribution with a fixed number of degrees of freedom

v and scaling value SSQ. Given this value, the prior for a coefficients has zero mean, and
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2

variance based on oy

and a fixed precision matrix A.
2 2 -1
aloy ~ N(0,0p x A7)

O’Z ~ S5Q * V/Xg

Given node values, reasonable starting choices for the fixed parameters are v = 5,550 =
0.25, and A as a diagonal matrix with 0.1 on the central diagonal and 0 elsewhere.

Inside a node, the node intercept (3 is modeled as shown above. The on-off indicator
variable r; has a binomial prior with initial probability of inclusion p;. The position on the
curve v is a standard normal distribution. The standard deviations o, and o, are fixed
values, based on the range of the predictors. Examining predictor range and determining

appropriate deviations is more fully considered in the next section.

ﬁzj = Wf * (Uout + le-(Uz'n - Uout))

J

ril ~ Bern(p;)

v ~N(0,1)
Node intercepts 7/ are on the same scale as the 3 parameters for included predictors,
with a normal distribution, zero mean, and standard deviation oy,.

™~ N(0.07,)

This implementation assumes that each node must have an intercept. Therefore, a node
cannot be empty, since at least the intercept is considered non-zero. This choice is similar to
ARD, but differs from Liang’s approach and BARS. It is more appropriate for interpretation
and unbiasedness. However, the tradeoff is that if multiple nodes have only intercepts,

estimation is not identifiable.
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2.1.3 Predictor Range and Standard Deviations

Scale poses a problem when finding reasonable parameter estimates. Potential predictors
can have any numeric value. Different ranges make it difficult to quantify the size of an
“on” indication. To eliminate these scale problems, the response Y and predictors X are
standardized into a range from —1 to +1. This places all variables on the same scale,
and allows the model to use a single o, and o4y for all predictors. (However, it does
mean that the model might predict Y values beyond the limits of +1 and —1. This is
a drawback balanced by the simplified scale.) On this scale, for a logistic or hyperbolic
tangent function, a move of 3 units would be very substantial. With this guidance, oy,
was set to 1.5. Setting a 100-to-1 distinction between the standard deviations, a large and
clear dichotomy, yields oy, = 0.015. The distinction might be smaller.

The shape of the prior distribution for each X variable is affected by the ratio of
the two standard deviations; it is also influenced by p;, the chosen initial probability of
inclusion. Figure 2.2 shows the shape of the prior distribution holding constant o, = 1.5

and oy, = 0.100, but changing the initial inclusion probability to p = 0.1,0.5, and 0.9.

Prior distributions: p=0.1 dotted, p=0.5 solid, p=0.9 dashed

Beta value for sigma-in=1.5 and sigma-out=0.1

Figure 2.2: Prior distributions for various initial inclusion probabilities.

Figure 2.3 examines the effect of various o4, choices, retaining o;, = 1.5 and p; = 0.5.
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For the strict case used in the code, g+ = 0.015 and a 1:100 ratio of standard deviations,
the graph appears close to that of an indicator function. Moving to a 1:15 ratio, a standard
deviation of 0.1, is shown as the solid line, and a 1:3 ratio appears as the dashed line. There

are many possibilities to consider for standard deviation ratio and inclusion probability.

Prior distributions: sigma-out 0.015 dotted, 0.1 solid, 0.5 dashed

Density

Beta value for sigma-in=1.5 and p=0.5

Figure 2.3: Prior distributions for various values of oyt.

2.1.4 Posterior Distribution

To accurately estimate the model, the posterior distribution - the likelihood times the prior
- must be found. The likelihood and prior consist of many multiplications. Computa-
tionally, it is easier to work with the natural logarithm of the posterior, which involves
mostly addition, and then exponentiate as needed. Additionally, certain processes, such as
Langevin proposals, directly utilize the log posterior. Therefore, this section develops the
log posterior for the proposed model.

Assuming linear regression, with standard deviation oy and Gaussian errors, gives the

likelihood for one observation:

1 )
(2m)72 o, L e



The log likelihood becomes —35 log(27r) log(ay) — ﬁ(y — )2 and when summed over all
y

k observations the log likelihood is

k SN2
D) log(2m) — k log(ay) - Z (yg - yg)

Several things contribute to the prior: the overall prediction, the a node coefficients,
the 7 node intercepts, and the 3 node coefficients. Furthermore, because of the structure,
the 3 can be broken into switching components r‘g and normal variates %j . To begin, the

node coefficient prior distribution involves a joint prior on a and o,. Given the o, the

« are treated as independent Gaussian with mean zero and standard deviation o4, times a
2

1
(a;)
~1¢-203 " QOveralln nodes, plus the

1
constant. One parameter has a prior of (27)” 2 o[,

intercept, the log prior for a becomes

n+1 (e 2
_ log(2m) — (n+ 1) log(oq) — 2:1 % a;
1=

The standard deviation o, has a scaled inverse chi-square distribution, where % is a chi-

square. With a fixed number of degrees of freedom v, and a fixed scaling parameter SSQ

the log prior becomes

(v/2)1log(SSQ v/2) —logI'(v/2) —

”ZSSQ ~ (14 v/2)log(0w)

Oa
The node intercepts 7; are specified as Gaussian, with mean zero and standard deviation

oin, the standard deviation of variables in a node. Over all n nodes, the log prior becomes

n

—5 log(2m) — n log(oiy) Z -2

Next, the ﬁj for node ¢ and variable j are a function of the switches and deviates, ﬁj =
7] * (Oout + 17 (Um oout)). The 7“‘7 have a binomial prior, while the 7‘7 have a Gauss1an
distribution with mean zero and variance 1. The prior (not the log prior) for a %, is a

1 INOVAY: ;
Gaussian density, (27)" 2 6_2(7{) , similar to the o and 7. The binomial prior for an rg
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involves the initial inclusion probability p/, which can be different for each variable. The
- , J
prior is (p’)"% (1 — p7)(177ﬂi). Taking the logarithm, and performing a double summation

over the n nodes and v vars, yields

n v
~"7 log(2m) Z Z (1—T)log(1—p])—§(ﬂ)2
Putting it all together, the log posterior is the sum of the parts above, the log likelihood
and the log prior.

2.2 Implementation

As seen in the previous section, the posterior distribution for a Bayesian neural network is
quite complex. Like many Bayesian models, sampling from this distribution is extremely
difficult. As part of their work, Neal [34] and Liang [23] wrote substantially new computa-
tional methods.

Unlike those works, no new methods are proposed in this paper. Instead, the imple-
mentation relies on many iterations of the Metropolis-Hastings algorithm [32]. The process
rotates between updating o node coefficients and ( predictor coefficients, while holding the
other group constant. Since the values from the nodes to the output, o (and o4,), look like
linear regression coefficients based on node values h, these can be sampled efficiently using a
Gibbs step [10] for Bayesian linear regression. The implementation uses a modified version
of the code provided in the book by Rossi, Allenby, and McCulloch [41] that simplifies the
procedure to take only one draw at a time.

On the other hand, as Lee notes in his book [20], the ( values inside nodes have no
simple prior distribution, and a Metropolis step is necessary. The initial implementation
tracks the values in terms of r; and the value on the normal curve v. A move is proposed and
the new posterior distribution is computed. If the posterior improves, the move is accepted.
If the posterior does not improve, there is still a nonzero probability that the move will
be made. This probabilistic move allows the traversal to escape local maxima and other
sticking points. There are several different potential moves: an independence sampler,

redraw all of one type of variable (7,v,7;), redraw a node, flip an r;, and a symmetric
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random walk on ~. The probability of each proposal can be adjusted by options in the
program. Finding the “best” move proposal distribution is impossible in general, given the
wide variety of data suited for this model. The programmed options allow for flexibility.
There are, of course, many other ways to propose moves, but these suffice as a complete

workable set.
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